The main object of this paper is the study of tax evasion from a theoretical point of view. We construct a simple two-player model in order to analyze the interaction between the taxpayer and the IRS and the main tool we use is game theory. We derive equilibrium solutions for the static game and we also provide some interesting comparative statics results. Then, we develop a dynamic game over an infinite number of periods. We show and comment two different kinds of long-run equlibria.
Introduction
The results provided by the 1998 Taxpayer Compliance Measurement Program (TCMP) show that only 53% of the population of the United States paid taxes correctly while 40% paid less and 7% paid even more than the due amount. 1 If we accept that the declarations of this last 7% are the outcome of computational errors, and even assuming this is also true for a same percentage of the declarations that are below the due amount, we still have one third of American citizens cheating the Government. Indeed, the IRS has calculated that the tax gap increased by a fivefold between 1973 and 1992: from 22.7 to 95,3 billions dollars. 2 Clotfelter was the first, in 1983, to carry out an econometric study based on TCMP data in order to analyze how tax evasion react to changes in the penalty rate and the structure of detection. He estimated an elasticity coefficient of the declared income to the real one varying from 0.5 to 0.8 with respect to the different kinds of taxpayers. 1 Beron, Tauchen and Witte (1992), working with the same data, showed that an increase of the probability of detection causes a significant increase in the declared income for some, but not all kinds of taxpayers.
Tax evasion is a big and unsolved issue to deal with, since its negative consequences arise in many different circumstances and the analysis could take several different ways. From a public economics point of view, tax evasion is a source of inequality since the tax system could become regressive instead of progressive (looking at the ex post income distribution). Moreover, evasion is basically a loss for the Government and this could have very negative effects in terms of public goods and services. Last but not least, tax evasion is often a source of social conflict between citizens and people become disaffected when Governments do not take the indispensable measures to deal with it.
In this paper we are not going to do an empirical analysis but we look instead at tax evasion from a theoretical point of view; we are concerned about the reasons that cause people to cheat as well as the instruments that the IRS could implement in order to confront this problematic situation.
Our starting point is the model of Allingham and Sandmo (1972) , then modified by Yitzhaki (1974) , and the model by Graetz, Reinganum and Wilde (1986) .
3 Excellent surveys on the topic are provided by Andreoni, Erard and Feinstein (1998) and Slemrod and Yitzhaki (2000) .
As far as possible we perform a general analysis without introducing any particular binding hypotheses on the mathematics of the model unless it is compulsory or for the sake of clarity.
Following the main literature on the topic of tax evasion, we are concerned in personal income tax evasion; but the analysis as well as the conclusions are very general and they can be applied to any kind of tax.
The paper is organized as follows. Section 2 describes the economic model in a static framework and depicts the equilibrium, while Section 3 provides the results of the comparative statics analysis. In Section 4 we make some rather broad assumptions on the form of the functions and we show the equilibrium solutions for that kind of functions. In Section 5 we extend our model into a dynamic framework . Section 6 contains the solutions of this dynamic game.
Concluding comments are gathered in Section 7.
The Model
Following the same approach as Allingham and Sandmo (1972) and Graetz, Reinganum and Wilde (1986), we apply game theory and theory of choice under uncertainty to highlight the strategic interaction between the taxpayer and the IRS.
Basically, the starting point is the idea of using the same mental scheme of the Duopoly (or the Oligopoly broadly speaking) analysis in which the two agents play a simultaneous game maximizing their objective functions each agent taking his own decision without knowing the one of the other.
Therefore, the taxpayer chooses the fraction of his own income he wants to declare while the IRS chooses the probability of control; the game is solved if there exists a Pure Strategy Nash Equilibrium. Later on we will look at the problem of tax evasion in a dynamic framework developing a model in which the simple game is repeated over several periods.
The basic assumptions of the model, at least in its static version, are the following:
• the taxpayer is a rational self interested agent that maximizes his own utility;
• taxpayer's preferences can be represented by a Von Neumann -Morgenstern Expected Utility function that has the income level as its own argument;
• the taxpayer is aware of his own income, Y , and he chooses to declare only a certain fraction αY with 0 ≤ α ≤ 1. We also make the standard hypothesis that the income is exogenous and is not observable a priori by the IRS;
• taxes are proportional to the declared income: tαY ;
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• from the IRS's point of view, all taxpayers are identical; in short this means that the IRS does not have any elements for discriminating inside the pool of all potential evaders. This hypothesis is crucial because it allows us to say that for IRS choosing either to control a certain fraction, p, of all declarations or to control each declaration with probability p gives exactly the same outcome;
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• all the controls carried out by the IRS are successful. When the taxpayer is discovered in cheating, he has to pay a proportional penalty fee on the undeclared fraction: π (1 − α) Y with π > t . In anyway the IRS cannot ask more than Y .
• finally, the control is not costless and we assume a cost function C(p) with C (p) > 0 and C (p) > 0, where p is the probability of control.
After having given the main hypotheses, we can look at the objective functions of both players.
If the taxpayer is not discovered, his final income will be A ≡ Y (1 − tα) , otherwise his final income will be
The utility function of the taxpayer is given by U (·) that satisfies U (0) = 0, U > 0 and U < 0.
So, the agent will choose α in order to maximize:
Taking the first order condition for (1) with respect to α we obtain:
The second order condition for a maximum:
is satisfied because the utility function U (·) is concave. The IRS is risk neutral and chooses p in order to maximize its expected revenue:
Taking the first order condition for (2) with respect to p we obtain:
The second order condition for a maximum
is satisfied since we assumed that the cost function is convex. Until now no assumptions on the form of the functions were made and the analysis is carried on with implicit functions; nevertheless, we can study the path of best-response functions that give rise to the following linear system of first order equations:
Even if we do not have a precise form for the best-response function α(p) and p(α), applying the Implicit Function Theorem we obtain:
and
Due to previous assumptions on D, U , π and t, expression (4) is positive. This means that α(p) is increasing, and, as we could expect, the bigger the probability of control is, the larger is the fraction of his own income the taxpayer will declare. Expression (5), instead, is negative and p(α) is decreasing: the more honest the declaration by the taxpayer is, the lower the probability of detection.
Even ignoring the analytical expressions of the two best-response function we know that one is increasing and the other is decreasing, and that, by assumption, they are both continuous; so, they must intersect each other in the plane {α, p}.
Comparative Statics Results
In this section we show the comparative statics results. The analysis will be carried out as far as possible with implicit functions and we will introduce explicit functional forms only when it is necessary.
Let's recall the equilibrium strategies (α * , p * ) obtained by solving the linear system (3). We can without any loss of generality from now on set c(p) = with c > 1, since this particular function verifies the assumptions C (p) > 0 and
In order to study how variations of the parameters affect the equilibrium values of our endogenous variable we rewrite the first order conditions system in the following way
It is not trivial to show that the determinant of the Jacobian matrix
is strictly positive. So the ∂α ∂π has the opposite sign with respect to the determinant
Since this is negative, we can claim that ∂α ∂π > 0. Similarly to the AllinghamSandmo model, an increased sanction forces the taxpayer to declare a higher percentage of his income.
The sign of the derivative of p with respect to π is opposite to the sign of the following determinant
which is positive if
If condition (6) holds, we can claim that ∂p ∂π < 0; therefore, the higher the sanction is, the lower the probability of detection. This conclusion is totally consistent with the one of Becker (1968) : that sanctions and control are substitute instruments because the Government is not able to increase both them at the same time and as much as it likes.
Unfortunately, if (6) does not hold, the effect that a variation of π has on p is ambiguous. But, (6) and the initial hypothesis π > t mean that
In other words, the penalty fee must lie in a given range and this is what we observe in the real world. Indeed, if it is true that the penalty fee is bigger than taxes, it is even more true that in almost all countries law imposes constraints and upper bounds on the sanctions.
So, condition (6), as being realistic, can be embedded as one of our initial assumptions and in this way we eliminate the uncertainty on the sign of ∂p ∂π . With respect to the other parameters, tax fee and income, we cannot achieve unambiguous conclusions. Indeed, the ∂α ∂t and the determinant
have opposite signes, but the latter is ambiguous because we cannot say anything about the sign of F 1 t element . The same argument applies also to ∂p ∂t ; actually, the sign of the determinant
is not determined again because of F 1 t . Comparative statics results related to changes in the taxpayer's income level are ambiguous too and we omit to proof them essentially for a matter of space; indeed, the explanation is quite similar: the presence of an ambiguous term makes it impossible to establish the sign of the determinant.
At this point in the discussion, we need to introduce some peculiar assumptions on the analytical form of the functions of our model; and we are going to do that in the next section.
The solutions of the static model
As pointed out in the previous section, the main complication is due to the utility function of the taxpayer.
Within the broad set of concave functions that could be chosen in order to represent the preferences of the agent, according to the assumptions of the model, we have selected the logarithmic one for a matter of simplicity as well for being in tune with the main literature on this field.
We define U (x) = ln(1 + x), where x is the final income of the agent (including the taxes) 7 and we rewrite the two objective functions
Taking the first order condition with respect to α and p for (7) and (8), respectively, we obtain an explicit form for system (3)
It is easy to check that the best-response function of the IRS, p(α) decreases with the cost of detection c and increases with the level of income Y as well as the penalty fee π; furthermore, it does not depend on the tax level, t.
Taxpayer's best response, α(p) decreases with income and tax level but it increases with the penalty fee. Following our model's assumptions, tax evasion is a decreasing function of the sanction (and we had already found this result in Section 3 by employing implicit functions) but it increases with the income and taxes level. So, according to this simple model, evasion should be a "rich persons" phenomenon. This conclusion is consistent with the idea of a decreasing ArrowPratt absolute risk aversion measure and is also, in our opinion, very close to what we observe in the real world. By solving system (3) in its new explicit form, we get the unique Pure Strategy Nash Equilibrium of the game, that is given by the following strategies
We introduce a constant inside the logarithm in order to have the utility function welldefined also at zero: U (0) = ln(1) = 0.
8 See Arrow (1970).
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Now we have to check if the above solutions satisfy two binding conditions. We need:
For p * the first condition is easily verified, while for α * we need
Expression (9) is verified for all values of y such that
The second condition is a bit trickier. For p * it is very simple to check that since
it must also hold that
For α * we require
that, with simple mathematics, leads to
which is obviously satisfied since t must be less than 1. We now can jump to the conclusion that our solutions lie inside the (0, 1) interval and that means that there are no corner solutions. From a more practical point of view, we are claiming that it is impossible for a taxpayer to be "completely honest" (α = 1) or "completely evader" (α = 0); similarly, the IRS will always control a strictly positive fraction of the declarations but, it will never check all of them.
Comparative statics about the effect produced by a variation of π over the equilibrium values (α * , p * ) are consistent with the results we provided in previous section. 10 For the tax fee t it is easy to check that ∂α * ∂t < 0 and ∂p * ∂t > 0.
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The higher the tax fee is the lower will be the fraction of income reported by the taxpayer because the marginal benefit of evasion increases; on the other side, the IRS is going to check a higher percentage of declarations since the marginal benefit of detection increases as both tax fee and evasion become higher.
With respect to income, we have ∂α * ∂Y > 0 and ∂p * ∂Y > 0. 12 Therefore, an increase in the income level results in both a higher percentage of the declared income and a higher probability of control. At a first glance, this could seem a bit bizarre since we previously showed that the taxpayer's best response function is decreasing with his own income; but, at the equilibrium the higher the income is the more honest the taxpayer will be since the IRS is going to increase the number of controls. Finally, an increased control cost, provokes the results we expected: the number of controls diminishes while the evasion increases. Algebrically:
10 A variation of π causes the numerator as well the denominator of α * to increase; but, since the denominator grows slower than the numerator, we can state that ∂α * ∂π > 0. 11 The two derivatives are:
>0
12 The two derivatives are:
We conclude this section by noting that these comparative statics results, once explicit hypotheses on functional forms have been introduced, are consistent with those of the literature on tax evasion as well as with the main features of the phenomenon we want to explain.
The Dynamic Case
The equilibrium we found in the previous section is a good result for economic textbooks but it is unlikely to find it in the real world. There are two features affecting tax evasion that we have not yet taken into account: in the real world, the IRS is subject to informational as well as technological constraints that make it unable to implement its optimal strategy; moreover, since the interaction is repeated at least once a year, both players can observe the strategy of the rival and modify their own optimal strategy.
In order to investigate how the interaction between the taxpayer and the IRS develops over time, we imply a partial-adjustment model and we define a policy rule for the IRS as the following one
where p t+1 ≡ p t+1 − p t and β ∈ (0, 1) is a parameter. Expression (10) can also be rewritten in the more familiar way
Expression (11) is a first order difference equation and states that the probability chosen by the IRS at time t + 1 is a linear combination of the probability chosen at time t and of the optimal probability p * ; once solved, this equation gives us the expression of p for every possible value of t.
We assume the taxpayer is aware of this policy rule and at each time t he chooses the α * t that maximizes his expected utility 13 Here we are making two important assumptions. Firstly, we state that the taxpayer knows the IRS's policy rules and this means that to some extent he is able to predict the probability of control which he will be subject to; this could seem a pretty strong assumption, but we believe that the IRS here is the weak side and the huge amount reached by tax evasion should confirm our point of view. Secondly, we are keeping all parameters (Y, t, π) constant over time; this is not a too strong assumption and we make it for simplicity since the general implications of the model would not be affected if we allowed parameters to change over time.
An equation like the (11) is defined autonomous if, like in our case, time does not appear as an explicit argument of the function. In this kind of model, we look for a particular kind of solution, the asymptotic or long-run solution, which has to be well defined. Now, our first concern is to find an initial condition; roughly speaking: since our model lasts for infinite periods, t ∈ [0, +∞[ , how can the IRS choose p 0 ?
The answer is pretty easy. Indeed, at t = 0 the game has not already started and no interaction has taken place; therefore, it is very realistic to assume that at t = 0 the IRS randomly chooses p 0 = p 0 . Furthermore, at the first stage we also have an initial condition for the taxpayer, α * 0 (p 0 ). 14 This in mind, solutions still differ with respect to the meaning we want to assign to p * , or, in different words, to the behavior of the IRS. If the IRS is a sophisticated agent it is able to find out the optimal solution of the static model, p
, but for technological and/or informational constraints cannot implement it from the first stage and it has to correct its own strategy at each period. In this framework, we should think p * as a constant term: p * t = p * ∀t. The story complicates if we consider the IRS to be a non sophisticated agent; in this case, p * should not be considered as constant and we will have
(which is the same best response function of the static model). 15 
The Solutions of the Dynamic Model
In this section we show the equilibrium strategy of the IRS. We first look at the sophisticated case and then at the non sophisticated one. The analysis carried out and the conclusions are significantly different.
A sophisticated IRS chooses randomly its strategy at t = 0 and plays p 0 = p 0 . Then, starting from period t = 1 on, for each iteration it chooses a probability p t that is nothing more than a linear combination of p t−1 , the probability it played in the previous stage, and p * , the optimal probability. Therefore, for the generic period t we have
Using the Superposition Principle, we can write the solution of (12) as
Proof
By definition p ∈ [0, 1], so the second term on the right-hand side of expression (15) has the following upper bound:
The right hand side is the sum of a geometric progression with common ratio (1 − β) so we can rewrite it like
and its value is 1 as t → ∞ . Since at least one from the p i s has to be strictly less than one we conclude that β
Therefore, since the forward-looking solution exists and it is well defined, the equilibrium is asymptotically stable.
Here we will not look at the backward-looking solution; anyway it is easy to check that when the system allows for a stable forward looking solution, the backward-looking one is not well defined (and viceversa).
Conclusions
Our simple model provides some results that can be easily compared with those of the literature in this domain and also gives simple suggestions on the policy measures that the IRS could carry out in order to face the growing emergency of tax evasion.
The taxpayer of this model is very close to the Allingham-Sandmo's one: he is a rational and self interested agent and his only scope is the maximization of his expected utility. In the A/S model the taxpayer has to choose the optimal amount of evasion (X ); in ours, he chooses the percentage (α) of his income to declare: the two frameworks are basically identical. The main difference between our model and the A/S one is that here the taxpayer is aware of the strategic role played by the IRS, while in the other one the agency is supposed exogenous.
In modeling the objective function of the taxpayer we chose to not use an "Yitzhaki penalty fee" because we believe that in the real world evasion is strongly affected by the taxes' level. The comparative statics results confirm this idea showing that tax evasion is positively correlated with taxes. The interpretation is straightforward: the higher the taxes are the bigger is the marginal benefit from evasion and for t → π the taxpayer will declare nothing.
The choice of a Public Agency that maximizes its own expected revenue rather than a Social Welfare Function reflects our aim of following a more positive and less normative approach and is based on the assumption that the Government too, as being driven by politicians, is a rational and self interested agent.
In the model of Graetz, Reinganum and Wilde, the cost of detection was constant and given exogenous; instead, we wanted to make this variable endogenous and dependent of the probability of control. This happened for two important reasons. From a theoretical point of view, we think that it is more realistic to assume the cost of the control to be a function of the level of control itself and this is why we chose an increasing and convex cost function. Moreover, from a more technical point of view, with a constant cost it could have been impossible to obtain a best response function p(α) continuous and differentiable; and we would have lost ourselves in the "either-or prediction".
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Another important feature of our model is that the marginal gain of detection does not depend on the taxes' level. This is not by chance, but we wanted it; we look for a "fair" IRS that audits all the taxpayers in the same way, no matter what is the tax rate.
For what concerns the solutions, the model by Graetz, Reinganum and Wilde allows for two Pure Strategy Nash Equilibria: one is an internal while the other is a corner solution. This last one, they explain, could arise if the control costs are so high that the IRS chooses to not control. In our model, there is only one Pure Strategy Nash Equilibrium and this is an internal solution. Indeed, the IRS when choosing the optimal control is totally aware of the cost since this is linked to the control probability . So, when it chooses the optimal probability it also chooses, at the same time, the cost it wants to pay.
From a policy point of view, an internal solution means that even if the IRS will never control all the declarations, it should be able to reduce tax evasion at an "acceptable" level; but, at the same time an internal solution also means that tax evasion will still persist. Therefore, the aim of the IRS should to minimize the extent of the problem. This could be achieved through the acquisition of a more efficient technology of detection, since we showed that the lower the cost of control is, the smaller the evasion.
By the Dynamic Model we tried to highlight what we believe is the central point of the topic: the taxpayer got, gets and will always get an informational advantage. There are different explanations for that :
• the taxpayer has a kind of first move advantage since the game is not truly simultaneous;
• moreover, the taxpayer can infer the strategies and techniques of the IRS by the public announcements of the Government and has a private information, his own income level, that is hidden to the IRS;
• last but not least, the game is not perfectly symmetric in the sense that each taxpayer plays his own game against one rival while the IRS plays against a potential infinite number of rivals.
There are several directions for future research. First, we could look for the existence of other Nash Equlibria in mixed strategies. Second, we could try to better understand the relationship between probability of detection, evasion and the tax level by endogenating the last one too; we could think of a model in which the IRS has to choose, at the same time, both the optimal probability of control and the optimal tax level. Finally, in some way we should take in account that some sources of income are not able to evade taxes while others are more likely to do it.
